and references therein). In engineering applications, thin films are explored in heat and mass transfer process to limit fluxes and to protect surfaces in extreme operating conditions.
A liquid layer on a planar solid boundary is unstable when the layer is ultrathin (100−1000 A). The instability occurs due to long-range van der Waals molecular forces which can cause rupture of the layer. Deryagin 3 first recognized that an excess pressure can be found in a thin liquid layer compared with the pressure in the bulk phase -he termed this excess pressure the "disjoining pressure". A negative disjoining pressure is found in films with higher pressure than that of the bulk phases as when van der Waals forces act between bodies whose characteristic dimensions are large compared to interatomic distance; in this case thinning occurs leading to rupture. In the presence of electric double-layer potentials, a stabilizing competition is set up due to the positive disjoining pressure of the new effect.
This can then lead to what are called black films as described by Overbeek 4 . Vrij 5 examined the problem of finding the thickness at which a nondraining film became unstable because of van der Waals forces. A static stability analysis is used to calculate a marginally stable thickness at which small disturbance first start to grow. Ruckenstein and Jain 6 consider a more general stability theory for a film on a horizontal plate. The theory was based on the Navier-Stokes equations modified by the van der Waals forces. They find that the most unstable wave has a wavelength which is large compared to the film thickness. The linear stability of radially bounded thinning free films for which the base state is time dependent (and calculated by lubrication theory) was investigated by Gumerman and Homsy
7
. The nonlinear problem of a liquid film on a solid substrate was addressed by Williams 
18
, who use adaptive grids to integrate accurately to times very close to the singularity and are thus able to resolve the structure in a definitive way.
It is found that at rupture the main balances are between inertia, viscosity and van der Waals forces, with surface tension forces negligible. This leads to similarity solutions of the first kind as opposed to those of the second kind proposed by Ida and Miksis. Our work is consistent with the findings of Vaynblat et al. , consider the stability of a dielectric film in the presence of double layer potentials.
The potential and charge distributions in the film are taken as given, and two cases are studied: a linear potential drop across the film and no charge on the interfaces, and, finite surface charge on the interfaces and zero potential drop across the film. A linear stability analysis is carried out in the presence of van der Waals forces, which shows that the surface charge induces oppositely charged double layers that enhance the van der Waals instability.
In the case of perfectly conducting viscous fluids, a normal electric field can destabilize the interface. Gonzalez and Castellanos
22
, studied the nonlinear stability of perfectly conducting film flow down an inclined plane, and derived a nonlinear evolution equation which includes a Hilbert transform type term due to the electric field. A weakly nonlinear version of this equation provides a modification of the Kuramoto-Sivashinsky equation with the electric field acting to add or remove active modes to the system. Qualitative features are given, but a careful numerical study has not been carried out.
Tilley, Petropoulos and Papageorgiou
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investigated the stability of a thin two dimensional liquid film when a uniform electric field was applied in a direction parallel to the initially bounding interface and examined the distinct physical effect of surface tension and electrically induced force for an inviscid, incompressible non-conducting fluid. They analyzed the nonlinear stability of the flow by deriving a set of evolution equations for the local film thickness and local horizontal velocity. Periodic traveling waves were examined and their behavior was studied as the electric field was increased. A modulational instability of the wave trains was also found in both the absence and presence of an electric field, and it was shown that very low level but long perturbations can lead to film rupture. They carried out extensive simulations of the initial value problem that showed that the presence of the electric field caused a nonlinear stabilization.
In the present work we derive a system of nonlinear evolution equations that goven the stability of free films in the presence of a horizontal electric field. The electric field effects appear as a non-local term proportional to the Hilbert transform of the leading order interfacial curvature. We are able to study the competing effects of inertia, van der Waals forces, surface tension and electric fields. This is done computationally by use of accurate pseudo-spectral techniques.
II. GOVERNING EQUATIONS
A thin horizontal liquid layer of undisturbed dimensional thickness 2d, is bounded by two vertical electrodes a distance 2L apart having a constant voltage difference V 0 between them. The constant voltage difference implies a static situation and consequently magnetic effects can be neglected; since electric and magnetic phenomena decouple the appropriate equations to be addressed are Laplace's equation for the voltage potential. As the fluid interface deforms and sets up a time dependent motion, the above assumptions are valid because the time-scale of induced charge re-distribution on the interface, is instantaneous compared to the fluid time-scale.
In the undisturbed state the liquid layer has uniform thickness and the voltage potential difference drives a horizontal electric field, which is different in the liquid and the surrounding medium due to differences in the respective permitivities. We assume further that the fluid is non-conducting and that there is no free charge in the system initially. The former condition in turn implies that there will be no forces due to the field in the liquid region (such effects could be accounted for by body forces in the Navier-Stokes equations), and the latter implies that the system will remain charge-free at later times also, since no sources are present. In the present setup, then, the electric field is felt through the Maxwell stresses which supplement the viscous stresses in the normal stress balance boundary condition.
The liquid layer is assumed to be sufficiently thin that van der Waals forces are effective. The liquid is a Newtonian viscous fluid having viscosity µ and constant density ρ. Gravity is neglected in this study, an assumption which is valid if the Bond number -the ratio of gravitational to capillary forces -is small. We are interested in modeling the dynamics of thin films and consider the effects of attractive van der Waals forces.
We introduce a rectangular coordinate system x = (x, y) with associated velocity field we denote the liquid layer by region I and the surrounding medium by region II. In terms of our coordinates, these regions are defined laterally by 0 ≤ y ≤ H(x, t) and y ≥ H(x, t), respectively. In dimensional form these equations are
The disjoining potential Φ has been included to model van der Waals attractive forces and this is taken to be proportional to 1/H
(see for example Erneux and Davis
13
) and is defined more precisely later. The electric fields are E
Equations (1)- (3) must be solved subject the symmetry conditions
at the centerline, and the potential far from the sheet must tend to its undisturbed value,
In addition, we must satisfy interfacial boundary conditions at y = H(x, t). These are a kinematic condition
tangential and normal stress balances
[n · T · n]
continuity of normal components of the electric displacement
and continuity of tangential components of the electric field
In the above boundary conditions we have introduced the jump notation [ * ]
Here, σ is the constant surface tension coefficient, n and t are the outward pointing normal and tangent to the interface, respectively, and the stress tensor T is given by
The last term in (11) comes from the Maxwell stresses at the interface
24
. It can be shown, and this is used later, that the Maxwell stresses do not contribute to the tangential stresses but affect normal stresses alone. This is done by considering
II , where T E is the electric part of the tensor (11), and using the electric field boundary conditions (9) and (10) to show that the jump is identically equal to zero.
The equations are made dimensionless by scaling horizontal distances with L and vertical ones with d. Introducing a typical velocity scale U (this could be a capillary or viscous based velocity, for example -see 13 for the latter), and the slenderness parameter ε = d/L, the following scales are adopted (primes denote dimensionless variables and will subsequently be dropped):
The dimensionless van der Waals potential can be expressed in terms of the local film
) is the non-dimensional van der Waals constant and K is the Hamaker constant. Using the symmetry of the film, we write
Substituting these scales into the governing equations and dropping primed quantities, provides dimensionless equations and boundary conditions. We develop these in terms of a dimensionless perturbation voltage (note that this can be as large as the base voltage -no linearizing approximation is made) defined by
The Navier-Stokes, continuity and Laplace equations for the voltage are
The symmetry boundary conditions are
and at y = H(x, t) we have the kinematic condition, tangential stress balance, normal stress balance, continuity of normal components of the electric displacement, and continuity of tangential components of the electric field, which are:
The perturbation potential must vanish at infinity, giving
The dimensionless groups appearing in the equations are a Reynolds number Re, a capillary number Ca, the relative permittivity p and an electric capillary number E b . These are given by
The dimensionless problem given above, along with initial conditions, constitutes a nonlinear free-boundary problem whose evolution can terminate in finite-time singularities if the sheet ruptures. The above scalings are exact transformations, and the case ε = 1 recovers the system when the vertical and horizontal scales are of the same order. The linear stability of the full system treating, ε as an order one parameter, is described in the Appendix. The limit ε → 0 corresponds to long waves whose nonlinear evolution we analyze next, by deriving and solving a system of evolution equations. The linear stability of the evolution equations recovers the ε 1 limit of the linear stability of the full system, as expected.
III. NONLINEAR EVOLUTION EQUATIONS
In what follows we give a brief description of the derivation of the evolution equations that we use to study the nonlinear stability of this flow. For details regarding matching between inner and outer solutions of the electric field, we refer the reader to our study of the inviscid problem in Tilley et al.
23
. As shown in the Appendix, the relevant limits are given by (A.7), and we write . The asymptotic solutions needed in our analysis are, then,
where H is the Hilbert transform operator given by
where P V denotes the principal value of the integral. We note that the Hilbert transform 
Substitution of these into the governing equations (15)- (17) along with use of the symmetry conditions at y = 0 gives the following leading order velocities
with the leading order horizontal velocity C(x, t) to be determined. We note that without loss of generality, the velocities u 1 and v 1 (i.e. C 1 (x, t)) can be set to zero by redefinition of the functions C(x, t). The normal stress balance condition (22) (with the distinct scalings (27) introduced above) gives, to leading order,
which on introduction of the appropriate solutions from (34) and (28) gives an equation for the leading order pressure P 0 ,
On use of the leading order solutions (34) into the leading order y-momentum equation, implies that (P 0 + Φ 0 ) y = 0, and hence P 0 + Φ 0 = D (x, t) ; the function D(x, t) can be found by evaluating the pressure at the interface y = H 0 as given by equation (35). This yields
. The x-momentum equation (15) at the next order gives
which when integrated once and use is made of the symmetry condition u 2y (x, 0, t) = 0,
The system is closed by considering the leading order contribution (which is O(ε 2 )) of the tangential stress balance equation (21) which is
Substitution of u 2y from (38) into (39) and elimination of D(x, t) by use of (37), provides an evolution equation connecting C(x, t) and H 0 (x, t). Another equation follows from the leading order contribution to the kinematic condition (20) , and physically corresponds to conservation of mass. The system is (written in reverse order)
where
In addition, boundary and initial conditions must also be specified. In the numerical work that follows we adopt periodic boundary conditions which are well-suited for accurate pseudo-spectral calculations.
Before proceeding to such calculations, we consider the linear stability of the evolution equations and compare with the results in the Appendix. Linearizing about H 0 = 1 and C = 0, and looking for normal modes proportional to e ikx+ωt , we find the dispersion relation
This is identical with the limiting dispersion relation (A.6) found by starting from the full problem, making a long wave approximation as ε becomes small, and using the limiting forms (27) identified in the Appendix. Writing
the solutions of (43) are
The solution with the positive sign for the square root can give rise to instability, while the other root is always stabilizing. The expression for ω shows that surface tension (which appears through the parameter W f ), and the electic field (appearing through the parameter W e ), stabilize the flow, as opposed to van der Waals forces which are destabilizing. As W e increases, the band of unstable modes as well as the maximum growth rate decrease. The critical wavenumber, k c say, above which the flow is stable, can be found by inspection of the term under the square root in equation (45), which indicates that if the term in the square bracket is greater than zero, then the real part of ω is negative for all k and so a complete stabilization follows. The value of k c is found by setting −
The expression (46) shows immediately that in the absence of an electric field, the band of unstable modes has size (3K/8W f ) 1 2 and so the flow becomes unstable to shorter wavelengths as K is increased and/or W f is decreased, as would be expected on physical grounds. What is more interesting, however, is the stabilization provided by the electric field. As W e increases the critical wavenumber decreases and the behavior for large W e is k c ∼ 3K 8W e .
In our numerical experiments we consider 2π-periodic boundary conditions. The wavenumbers are then integers and a Fourier series representation is appropriate in a straghtforward manner. If k c < 1, the flow with these boundary conditions, is linearly stable. This leads to the following condition of linear stabilization
which provides a threshold value for the electric field parameter. As we show numerically in the following Section, the initial value problem with small data and values of W e just below or above the threshold value (47), terminates in either rupture or a relaxation (after a long time) to the flat uniform state.
In the numerical work that follows we re-write the dependent variables in the evolution equations (40) and (41) according to
and use the definitions (44).
IV. NUMERICAL SOLUTION OF THE EVOLUTION EQUATIONS
We now address the long-wave nonlinear evolution problem (40)- (41) numerically. The equations are solved on 2π-periodic domains and the initial conditions are taken to be of the form
The parameters h 0 and u 0 are initial amplitudes and the geometry of the problem necessitates 0 < h 0 < 1. The symmetry of the initial conditions is preserved by the evolution equations and this choice has been made in order to have some prior knowledge regarding the place of singularity formation (sheet rupture), for example. An additional accuracy check for the numerical work arises from integration of (40) over one period; in our double-precision simulations we find
).
Also, momentum is conserved by (40)-(41). To see this, multiply (41) by H 0 and integrate over one period. The quantity H 0 C is conserved in time provided H 0 H(H 0xx )dx = 0; one way to show this is by considering
where F is the Fourier transform and k is the wavenumber variable. It follows that 
H(x, t)u(x, t)dx = O(10
which is in agreement with the initial conditions (48).
The numerical solutions presented here are carried out using a pseudo-spectral method in space and a four-stage Runge-Kutta method in time. The time step is adaptive and depends on the number of spatial modes whose amplitudes are greater than some prescribed tolerance, typically between 10
and 10
−11
. Further, the solution is spectrally interpolated when N/2 − 5 modes have an amplitude larger than this prescribed criterion, where N is the number of collocation points. The accuracy requirement can be quite severe due to dispersive terms in the dispersion relation, even though all sufficiently large wavenumbers are damped by the viscous terms. This is especially felt at large values of W f and one way to see this is to drop the viscous term (i.e., formally set R e = ∞). Then, the dispersion relation for large wavenumbers k provides solutions proportional to exp(ikx ± ik 
where S is their surface tension parameter. Our 2π-periodic domains, and different nondimensionalization, make it necessary to take the following parameter values in order to make a direct comparison
In addition, the appropriate initial conditions for these comparisons are h 0 = 0.2 and u 0 = −0.1. The original numerical study of the zero electric field problem 14 suggested the formation of similarity solutions of the second type near rupture. The computations of
18
, however, were able to resolve the fast dynamics near pinching using adaptive gridding techniques, and give strong support to similarity solutions of the first kind with the dominant balances being between inertia, viscosity and van der Waals forces, with surface tension forces being negligible near rupture. It has been suggested, and was confirmed numerically
, that the following similarity solutions hold near the singular time t s and rupture point x = x s ,
where τ = t s − t and the constants α, β, and γ are scaling exponents to be determined. We note that the similarity solutions of
14
, which balance van der Waals forces with viscosity while inertia and surface tension are both subdominant, give α = 1/3 with β left undetermined.
Balancing all terms besides surface tension, however, determines all exponents, and these are given by
The scaling exponents (55) and the similarity solutions (54), can be confirmed numerically by plotting appropriate variables on log-log scales. Following
18
, we graphed max x∈(0,2π) {u x (x, t)}, −H t (π, t) and max x∈(0,2π) {u(x, t)} against the minimum film thickness, H(π, t). Our estimates of the similarity exponents appear in Table I where they are compared to the theoretically predicted values (55). Our other numerical output reproduces accurately the calculations in 18 . For example, the time to rupture according to our results is t s = 4.78437956 and dividing this by π due to the difference in time scales between our simulations and those in 18 , we obtain t * ∼ 1.5229... in complete agreement with the value given in Section IIIA of 18 .
B. Large-amplitude Inital Data
We consider next the inclusion of the electric field into the nonlinear evolution of largeamplitude (h 0 = 0.2, u 0 = −0.1) initial data. The remaining parameters are chosen as follows: Re = 1, K = 8, W f = 1 and W e is varied.
We note, first, that the similarity solutions and scales (54) and (55) are still consistent structures as a singularity forms. To see this, we can use these solutions to estimate the size of the electric field term compared to the terms retained, and find that it is asymptotically smaller; this must be so, since the electric field effects are asymptotically smaller than surface tension forces as rupture develops, and the latter are excluded from the main balances also. We begin, therefore, with a typical situation and aim to confirm numerically the similarity solutions described above. Figures 1-2 show profiles for W e = 0 which are identical to those we obtained for W e > 0 (not shown here for the sake of brevity). Figure 3 shows the data used to determine the exponents given in Table II thus verifying the assertion above, that the W e = 0 ruptured solutions remain the attractor of the solution when W e > 0.
A rather interesting result (obtained numerically) is shown in Figure 4 . In the fully nonlinear regime there exists a critical value for W e (the electric field) which removes the rupturing ), we estimated (see Figure 5 ) W * e ≈ 2.613408 and k ≈ 0.1244.
C. Small-amplitude Initial Data
The stabilization effect of the electric field, for which the threshold value W e = 2 is determined with the linear stability analysis (see Section 3), is now investigated. We set h 0 = 0.01 and u 0 = 0 and consider two cases. The first just above threshold and having W e = 2.05, and the second just below threshold with W e = 1.95. We expect the former solution to be stable and to evolve to a uniform quiescent state, while the latter should rupture at finite time. This is indeed the case as Figure 6 shows. We also observe from Table III the similarity exponents extracted from the data displayed in Figure 7 .
Finally, Figure 8 shows the manner in which the interface shape relaxes to the basic state H(x, t) = 1 when W e is above the threshold indicated by the linear stability analysis.
V. CONCLUSIONS
In the present work we examined the effect of an axial electric field on the rupture dynamics of a thin viscous liquid film subject to attractive van der Waals molecular forces.
The liquid was assumed to be non-conducting electrically. This was undertaken in order to determine whether the electric field can be used as an additional control parameter in applications where rupture of the thin liquid film is an undesirable outcome.
Our study begun with the two-dimensional Navier-Stokes equations for the fluid motion coupled to Laplace equations for the electric field potentials. The two physical problems are coupled through polarization forces that develop at the interface between the liquid and the surrounding passive medium. A linear stability analysis of the resulting set of equations was performed. We determined that one can always choose a value of the electric field magnitude (through the electric capillary number) so that a linearly unstable flow (due to the attractive van der Waals force) is stabilized. Also, a long-wave asymptotic analysis of the full set of equations was performed in order to determine the nonlinear stability properties of perturbations of the (flat) basic state of the flow. A pseudo-spectral solver was employed to numerically simulate rupturing films and determine the effect of the electric field on the dynamics of the process. Significantly, we found that the rupturing solution in the presence of an electric field exhibits similarity of the first-kind which is delayed relative to the case of rupture in the absence of electric forces. Further, we determined and verified the presence of an electric field amplitude past which the van der Waals unstable flow is completely regularized in the long-wave regime. 
APPENDIX
The linear stability of equations (15)- (18) and boundary conditions (20)- (24) 
19
. A dispersion relation follows after some algebra which involves solving for the perturbation stream function inside the film and the voltage potentials inside and outside the film, and applying the linearized boundary conditions to eliminate constants of integration. The eigenfunctions can be written in terms of two constants A and B as follows:
The linearized normal stress boundary condition and the continuity of the normal component of the electric displacement, provide two linear homogeneous equations for A and B and nontrivial solutions are possible as long as the following dispersion relation is satisfied: Solutions can be obtained numerically using root-finding methods. It is found that as the electric field parameter E b increases (with the other parameters held fixed), the maximum growth-rate decreases and its corresponding wavelength shifts to larger values. In addition, the cut-off wavenumber above which the flow is linearly stable, decreases algebraically with increasing E b . This suggests the possibility of using the electric field as a stabilizing control, and our interest lies in nonlinear stabilization of van der Waals forces.
The asymptotic expansions required in the development of a longwave nonlinear theory, can be deduced in a consistent manner from the analysis of the full dispersion relation (A.5). The relation is derived for a general aspect ratio ε, and the limit ε → 0 follows readily and yields, to leading order,
If we take Re to be an order one quantity (in fact Re can be scaled out of the problem and so without loss of generality can be taken to have unit value), then we observe from (A.6) that surface tension and electric field effects will be retained in this limit as long as
These scalings motivate the derivation of the nonlinear evolution equations of Section 3.
The long wave nonlinear problem in the absence of an electric field has been studied by Erneux and Davis 
